
2. Math Basics of QM                                                       7/2/09 dsm

In this section we look at some math definitions, concepts, and proofs that we will need in further 
developments. These mathematical topics are not  necessarily  basic to QM, just the starting point for 
my notes herein. All of the material presented below can be examined in more detail via wiki.

2.1 Scalar product, norm, and matrix elements.

The scalar (inner)  product of two vectors in a Hilbert space is (f,g)     (2.0)

The norm (length) of a vector f is ||f|| = f , f       (2.1)

The matrix element of an operator, say like R, is 

     (f,Rg) = <f|R|g>                                                      (2.2)

And the Hermitian conjugate is  f ,R+ g   = (Rf,g)          (2.3)

2.2 Additional theorem: if |a > is  an eigenfunction of H , with eigenvalue, Ea , then

    F H  |a>=F Ea|a>   (2.4)

To prove this, assume we can construct the following general function of H:
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And substituting HE , for the R.H.S.
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Substitute into (2.4) and pre-multiply (ie., cross-multiply) by the denominators:
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We take H n |a>=Ea
n |a>  on the L.H.S. And  we can carry H through to |a> on the R.H.S.,  and yield 

  



H m |a>=Ea
m |a> . Thus  both sides are identical  to each other, QED.

2.3  Continuity of an operator.
And Operator, T, is said to be continuous or bounded if for every vector, f,  we have

   ∥Tf∥≤C∥ f∥                 (2.8)

for some positive constant, C, independent of  f. 

In QM, the free-particle Hamiltonian, H 0 is unbounded, as we have already discussed; which for 
this discussion means that no such number, C, exists. Furthermore, H=H 0V is likewise 
unbounded.

Let's look briefly at an example to illustrate the nature of H , a , and Ea , and this business of 
boundedness. One of the simplest example of a closed form solution for STIE is the particle-in-a-box.
For this, the potential, V(x) is zero for 0 < x < L, and infinite elsewhere. The one-dimensional solution 
for the wavefunction is: 
  
     a~sin2a x /L  for a=1 ..∞ , and:

     Ea~a
2    a=1 ..∞ and   thus:  Ea∞  as a∞ .

This is not good, because, for example if we try and solve a system of  linear equations that would 
naturally arise when we attempt to solve STIE for a new (perturbed system); and we would naturally 
choose to use the usual matrix techniques. And we would fail, utterly and most likely catastrophically. 
What we would end up trying is to invert matrices containing elements that would (and do) approach 
infinity. I've tried it, and it doesn't work; neither theoretically nor with actual numbers on the computer.
So, what do we do? Well, that is essentially what these notes are mostly about. That is, figuring out 
how to solve the STIE after realizing that trying to solve it directly is a non-starter.

2.4 I want to make a slight detour (I'll probably do this a lot) and go back and look at equation (1.6). 
Another description of completeness of a 'thing = I' is to say that it spans the space of the system. OK, 
does (1.6) describe a 'thing = I' that spans the space.

To demonstrate the nature of  I, we look at the inner product of an arbitrary function,     
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Where we employ the explicit notation, * , for clarity-- strictly speaking, it is not necessary.
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as expected.

Now we show that   〈*∣I∣〉=〈*∣〉            (2.14)
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 And rearranging:
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Which reduces to:
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This shows that indeed, I (1.6), is in fact a unity operator, and  that it spans the space, and that it is 
complete (it includes the limit points). 

2.5 Delta Functions
In QM, there are two delta functions: the Dirac delta,  r−r '  , and the Kronecker delta, i j .
The Dirac delta function is a real space or momentum distribution function; and is only applied inside 
an integration.  The Kronecker delta is used in matrix mathematics and is defined as:

  i j=1 for i= j  i j=0 for i≠ j                       (2.15)

The Dirac delta function is described as a symbolic function with the property:
      
∫ f x  x dx= f 0            (2.16)

The usual way of looking at the Dirac delta function is:

   r−r ' =0 for r≠r '       r−r ' =∞ for r=r '   (2.17)



Another way of looking at the Dirac delta function is as the limit of some continuous function, for 
example:

 x=lima∞
sin ax
x                        (2.18)

There is a fundamental problem however with the Dirac delta function. And that is, that we are working 
in a Hilbert space in QM (at least we are here). As such, we assume of necessity that all the functions of 
interest maintain the properties therein, namely: completeness etc. And the (mathematical) operations 
(and so on)  are dependent on the Hilbert space properties. Now, the problem with using the   Dirac 
delta function here is that although it can be defined as the limit of  an arbitrary continuous function, 
itself is not a continuous function. As such,  those continuous functions that are employed do not 
belong to an acceptable set of functions that can be used. That is specifically, they do not make up a 
complete set. Again, they are not complete because they to not include their limit point, the  Dirac delta 
function--clearly, a discontinuous function.

Nevertheless, we will follow 'traditional' QM mathematics, and use the Dirac delta function  as needed 
for proofs, computations, etc. I would note however, that the famous mathematician, John von 
Neumann (one of the fathers of the modern computer), has developed a rigorous  mathematical 
framework for QM that overcomes all the shortcomings of the Dirac delta function. We may look at his 
work later on.       

By the way, whether we use the Dirac or the Kronecker delta function should be obvious from the 
particular context of the material.

2.6 Schwarz Inequality
We will need to take recourse in the Schwarz inequality as we proceed.
Which, for two vectors, f and g, is:

      |(f,g)|∥ f∥⋅∥g∥                     (2.19)
 
2.7 Analyticity of a Function
The Cauchy-Hadamard theorem of complex variables states that, given a power series of the form

 ∑
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 if it converges absolutely for E inside a certain domain containing E0 , then the power series is 
analytic in that domain (the radius on convergence).


